Abstract-This letter introduces a new framework for modeling the optimal path planning problem of rectangular robots. Typically constraints for the safe, obstacle-avoiding path involve a set of inequalities expressed using logical OR operations, which makes the problem difficult to solve using existing optimization algorithms. Inspired by the geometry of the unit sphere of the weighted L p norm, the authors find exact and approximate constraints for safe configurations using only logical AND operations. The proposed method does not require integer programming nor computation of a Minkowski sum in the configuration space. In particular, the authors analyze two different cases of obstacle geometry: circular obstacles and rectangular obstacles. Using the weighted L p norm requires six inequalities to represent the exact constraints for collision avoidance of circular obstacles using AND operations, and eight inequalities for rectangular obstacles. Four shortest path planning examples are analyzed to validate the effectiveness of the proposed method.
I. INTRODUCTION
T HIS letter considers the problem of safe trajectory generation for a robot through the synthesis of cost minimizing optimal controls (e.g., arrival time or path length), also known as robot motion planning. A classical and well-known approach to robot motion planning is the configuration space approach, which converts the rigid body path planning problem into a simpler point mass robot problem in the higher dimensional space, denoted as the C-space [1] . Transforming the rigid body to a point mass equivalent involves applying the Minkowski sum, defined by A ⊕ B = {q ∈ R n : q = x + y, ∀x ∈ A ∧ ∀y ∈ B} for two given sets A, B ⊂ R n . The process creates obstacles representations in the C-space, so called C-obstacles, when computed via the Minkowski summation for each robot orientation. Once the C-obstacles are constructed, the set collision free configurations, called the C-free space, is obtained via the complement of the C-obstacles in C-space. An algorithm to find the C-free space for two polygon shaped robot and obstacle is shown in [2] and an algorithm for the exact Minkowski sum of convex polyhedra is given in [3] . More details of the motion planning on the configuration space, and the numerical algorithms can be found in [4] - [6] .
Analytic expressions for the C-free space involve a set of inequalities combined by the logical OR operation when the robot or the obstacle are polygon shaped [5] . The use of the logical OR causes a major problem in applying general optimization algorithms since they are constructed based on AND operations applied to the constraints; constraints with OR operations are analytically intractable [7] . One way to avoid the OR operation for the rectangular obstacle with a point mass robot is to use mixed integer programming (MIP) by introducing artificial integer valued variables [8] , [9] . However, integer programing is known to be NP-hard [10] . Recently, an efficient way of reducing the number of integers in the optimal path planning problem was given in [11] . The method improves on the scaling of the NP-hard problem at the expense of a decreased probability of finding a feasible solution.
This letter proposes an alternative method, without using integer variables, to find the constraints for safe configurations through the use of the logical AND operations for the case of a rectangular robot. The proposed framework to formulate the equivalent constraints of a safe configuration is inspired by the geometry of unit spheres for weighted L p norms. The unit level set of the L p norm with different p values forms different shapes that converge to the square as p → ∞. Thus weighted L p norms lead to exact and approximated implicit equations for the boundaries of rectangles. Taking advantage of this observation, this letter describes how to synthesize a collection of mixed L p norms that implicitly define safe configurations.
Work related to the proposed framework exploring noncircular robots includes [12] , which gives the analytic formulation of the exact boundary for the Minkowski sum of two ellipses through affine transformations. Follow-up work applied this formulation to the path planning problem with elliptic obstacles in the C-space by providing the exact boundaries for the C-obstacles [13] . Although ellipses arise through weighted L 2 norms, the approach here is essentially different from-and complementary to- [13] . First, the method here considers rectangular robots and a mixture of rectangular and circular obstacles (it also holds for circular robots). Second, the goal of current work is to find the implicit constraints for the center of the robot without constructing the Minkowski sum between the robot and the obstacles. As will be shown, the synthesis of these implicit constraints is computationally simple since all that is required 2377-3766 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information. is to define 8 different weighted L p norms for the rectangular obstacle case, and 6 for the circular obstacle case. In addition, the primary interest is in solving the optimization problem by analytically setting up a Bolza type optimal control problem [14] , rather than constructing C-obstacles.
II. MOTIVATIONAL EXAMPLE
To motivate the solution, consider the shortest path problem for a point-mass unicycle robot which should travel from the starting configuration g = (x i , y i , θ i ) to the final position (x, y) = (x f , y f ), irrespective of orientation, in the planar space SE (2) . As per Fig. 1 , let there be a single square obstacle centered at (x o , y o ) with edge length 2 between the initial and the final positions of the robot, so that a detour is needed to avoid collisions. A formulation of the shortest safe path problem is arg min
where (1) is the cost, and (2)- (5) are constraints of the optimization problem. The safe trajectory constraints (5) are a set of inequalities with the logical OR operation. However, as mentioned in Section I, the OR condition is analytically intractable.
To solve with mathematical programming algorithms, we consider conversion to equivalent AND operations. The idea is to find a function V : R 2 → R such that there exist a constant c ∈ R, which makes the superlevel set {(x, y) = q ∈ R 2 : V (x, y) ≥ c} equivalent to the OR conditioned constraint in (5) . The function V for the square obstacle centered at (x o , y o ) will be formulated by the L ∞ norm in L p theory [15] . Define V by
Since the L ∞ -norm unit sphere in R 2 is a square centered at the origin, the inequality constraint V (x, y) > 1 replaces the OR conditions in (5).
III. PROBLEM STATEMENT
This section generalizes the motivational problem to consider a rectangular robot navigating through a space with rectangular and circular obstacles. The geometry of the rectangular body is described by σ := (σ 1 , σ 2 ), where σ 1 Without loss of generality, the problem will be formulated using an initial SE(2) configuration and a final position, R 2 ⊂ SE(2), as the path boundary conditions. The arrival time, T f > 0, is fixed.
Here, g(q) ∈ R 2 denotes the transformation of coordinates of q ∈ R 2 according to g ∈ SE (2) . The inverse g −1 would perform the change of coordinates in the inverse direction.
The collision-free spaces for the circular and rectangular obstacles are
> r 2 i }, and (7)
respectively, in the world frame for all i and j (see Section IV regarding ||·|| Σ,∞ ). As the robot moves, the collision constraints in the robot's body frame will change. With g defining the robot's body frame relative to the world frame, the collision-free space in robot body coordinates is:
> r 2 i }, and (9)
Let B ⊂ R 2 describe the subset of R 2 containing the robot's full body in the robot's body frame, then the optimal safe path planning problem formulation is
where Pos (·) gives the translation coordinates of SE (2) , u(t) ∈ R 2 is the control of the robot, f are the control equations of motion, and L(g,ġ, u) is some physically meaningful cost such as control energy or path length. Since the constraints in (13) typically require OR operations, our goal is to first convert them into a new set of constraints with AND operations.
Remarks: Once the problem is reformulated with AND operations, numerical solutions to Bolza type path planning problems [14] no longer require explicit construction of the C-obstacles nor the C-free space. The problem in (11-13) generalizes to admit other constraints such as free final time or fixed final orientation. An example in Section VI-B contains the fixed final orientation and free final time for the generalization.
With a slight abuse of notation, if σ is a scalar but x is a vector, then the division by σ is applied across all coordinates. Another way of defining the σ-weighted L p norm is by ||x|| Σ,p := ||Σ −1 x|| p , where Σ = diag(σ 1 , . . . , σ n ), which shows that it is a generalization of the usual L p norm. A major benefit of this generalization is that by choosing different σ or p, the unit sphere of usual L p norm can be continuously deformed. For any given positive σ, as p increases, the unit sphere of L (σ,p) approaches the unit sphere of L (σ,∞) . Fig. 2 plots the collection of unit spheres for n = 2 and σ = (2, 1), where each closed curve represents the unit sphere for different p values. The blue curves corresponds to the case when p changes from 0.5 (innermost) to 1.9 (outermost) with step size 0.2. Similarly, the red curves represent corresponding changes as p increases from 2 (innermost) to 10 (outermost) with step size 1. The black curve corresponds to p = ∞, where it is equivalent to the supremum norm.
V. COLLISION AVOIDANCE CONSTRAINTS
The motivational example, with a point mass robot and a square obstacle, demonstrated that the weighted L p norm can be used to analytically define the free space with the implicit inequality constraint (using p = ∞). However, for nonpoint mass robots, imposing a single point-based L ∞ inequality constraint will not be sufficient. All boundary points of the robot must be considered to define a collision between the robot and an obstacle. Similar to the configuration space approach, the goal is to convert the collision-free space determination into an equation of the position of the robot frame or obstacle frame, but there is the additional objective to avoid explicit computation of the boundary points. Instead, this section seeks to define value functions as in (6) that provide implicit inequalities, and that compose using logical AND operations. Two cases are considered: between a circular object and a rectangular object, and between two rectangular objects.
A. Circular Obstacles
The case of circular obstacles will be examined by converting the Minkowski sum of a rectangle with a circle into a set of inequality constraints (or of super-level set definitions) that must all be met. Define the collision space for the circular obstacle given relative to its own frame by
A collision between the robot and the obstacle happens if the distance of the robot body to the circular obstacle is less than r i . The boundary of Minkowski sum B ⊕ C O i is depicted in Fig. 3(a) by the outer boundary of the graphed shapes (coordinates in the robot's body frame). Since the robot is rectangular, the set B is a rectangular shape with half lengths σ = (σ 1 , σ 2 ). For the figure, σ = (2, 1) and r = 1. The figure also depicts 6 shapes whose union is equal to the Minkowksi sum. These sums define the 6 value functions to be constructed.
Using the σ-weighted L p norm of Definition 1, the value functions for the ith circular obstacle are
where g defines the current robot rigid body frame relative to the world frame. If g is omitted, then it is presumed to be the identity (e.g., the robot and world frames align).
The proof is immediate by the construction of value functions, and so it is omitted.
The proposition indicates that the proposed six constraints are exactly equivalent to the C-obstacles constructed by the Minkowski sum, given that p = ∞. Furthermore, the collisionfree space is the negation of the union, which leads to intersections of super level-sets. Intersections of spaces are described through logical AND operators in the optimal control formulation. However, since the gradient of the maximum operator does not have an analytic formula, using L ∞ norm in the optimization problem may not be a good choice. Differentiable, alternative or approximate formulations are sought.
The discussion of Section IV and visualization of unit L p spheres showed that as p gets larger the unit sphere of L p approaches that of L ∞ . Although it is not a perfect rectangle, the benefit of having large p is an analytically computable gradient for the inequality constraint, and use it in the optimization problem. An example for the case p = 20 is shown in Fig. 3(b) . The parameters in the examples are σ = (2, 1) and r = 1. The black dotted line represents the robot body in its coordinate frame, and two horizontally long and vertically long rectangles represent the unit level sets of V . The approximate nature means that there will be some part of the collision-free space that is actually a collision, or conversely, some part of the collision space will return as collision-free. There are eight such regions, two at each corner. They are the dimples formed at the outer intersections of the approximately rectangular boundaries with the circular boundaries.
A simpler, conservative approximation of the Minkowski sum may be defined using a single value function instead of six. Let V i 7 be another value function defined as
By choosing a large p and a small > 0, the Minkowski sum is confined to the sub level-set {(x, y) : V i 7 (x, y) ≤ 1}. An example for p = 20 and = 0.01 is shown in Fig. 3(c) , where red curve represents the unit level set of V i 7 , and dashed blue represents the circle with radius r = 1 at each corner. In this case, the opposite situation occurs. The extra collision regions at the rounded corners means that some parts of the collisionfree space evaluate to collisions.
As noted earlier, the main result of this section is that the OR condition in (13) due to the rectangular body of the robot is now changed to the AND condition. In summary, the anti-collision condition for the circular obstacle may be replaced by one of the two logical expressions,
where ∧ stands for the logical AND operation. The number of inequalities required for the circular obstacles will be 6N c if only the former expression is used, N c if only the latter expression is used (or some mix if one of either two is selected per circular obstacle). The constraint (16) is more accurate in capturing the collision at the corner of the robot, while (17) is more beneficial numerically since the formulation has less inequality constraints.
B. Rectangular Obstacles
For two rectangular obstacles, collision space is trickier to compute with the Minkowski sum since the obstacles orientations modify the sum. In order to construct a full C-obstacle, it is necessary to compute the Minkowski sum at every orientation of the robot and the obstacles. Fortunately, the weighted L p method to find the equivalent set of inequalities composed with logical AND operation is simpler than computing the Minkoswski sum in C-space.
The contact of two polygons in R 2 is categorized into two types: one is the robot vertex to obstacle edge and the other is robot edge to obstacle vertex [5] , which are denoted as Type A and Type B collisions, respectively, in [4] . Since the robot and the obstacle are both rectangular, there will be eight different types of possible contact.
Define the 8 corners from the robot and the jth obstacle, in the world frame, by
where each column of A and A j represents the coordinate of corners of the robot and each obstacles, respectively. The obstacle corners in the robot frame are A
The anti-collision condition of robot edge to obstacle vertex contact consists of four AND operations,
The L (σ 1 ,σ 2 ),p distance from the center of the robot to the obstacle corners should be greater than one. Now, consider the matrix of the four corner coordinates of the robot in the jth obstacle frame,
Denote its columns at time t by ψ j k (t) ∈ R 2 for each k ∈ {1, 2, 3, 4}, then the anti-collision conditions of robot vertex to obstacle edge comprise of four AND operations,
The union of (20) and (21) gives eight inequality constraints,
which represent the avoidance of both Type A and Type B collisions. For N r rectangular obstacles, there will be 8N r inequality constraints. They will be somewhat permissive, indicating that a configuration may be collision-free when it indeed collides. An -hedge gives conservative constraints.
VI. OPTIMAL PATH PLANNING
This section solves several optimal path planning problems for a unicycle robot with the rectangular body shape using the L p constraints defined in the previous section. The cost function (11) choice is L(g,ġ, u) := ẋ 2 +ẏ 2 , to give a shortest path problem. The control equations of motion are those from (2) . Assume that we have control inputs,
. The final arrival time T f > 0 is fixed in each problem except for Section VI-B.
The MATLAB-based numerical optimal control solver OP-TRAGEN [16] , converts the Bolza type optimal control problem into a nonlinear programming problem (NLP) by using the collocation method, and then we invoke IPOPT 3.12.6 [17] to solve the NLP with a sequential quadratic programming (SQP) algorithm. For all of the following solution figures, the red curves represent the obstacle boundaries, the blue curve represents the trajectory of the center position of the robot, and the black curves shows the shape of the robot at each sampled collocation time. . We use the simpler inequality constraint for the obstacles (2 constraints) using (17) with p = 8 for the approximation. The optimal control result depicted in Fig. 4 shows that the shortest path involved moving the robot through the narrow gap.
2) Wide Rectangular Robot: Here, the wide robot has σ = (1, 2). The obstacles are centered at the same location as in the skinny case but the radii are changed to r = 0.8. The initial orientation is θ i = 0. The direction of motion is in the direction of the longer edge. The initial robot position is (−2.11, −2.11), and the objective is to reach (2.52, 2.22) at time T f = 7π, with the same control bounds as for the thin robot. Again, the simpler inequality constraint (17) for the obstacles (2 constraints) are used with p = 8 for the approximation. The optimal control result depicted in Fig. 5 shows that the shorted path involved circumnavigating the two obstacles, as the gap was not wide enough.
B. Rectangular Obstacles
This example considers two rectangular obstacles whose frames are g We use the L p constraints for the safe path (8 constraints for each obstacle) using (22) with p = 10 for the approximation. The optimal control result is depicted in Fig. 6 and shows that the shortest path for the robot went through the hallway created by two rectangular obstacles.
C. Dual Problem: Circular Robot with Rectangular Obstacle
The last example demonstrates the dual problem of a circular robot navigating around rectangular obstacles. The example is included since it is easier to visualize the 6 constraints in this dual problem. The robot starts with the initial configuration g(0) = (−3, −1, π/4), and has a radius of 0.5. The robot final position is (5, 1) with final time T f = 11.6π. The obstacles are centered at the same location as for the thin rectangular robot case (Section VI-B), with half side lengths (2, 1), and orientations π/4 and −π/4, respectively. The bounds for the controls are u 1 (t) ∈ [−15, 15] and u 2 (t) ∈ [−0.5π, 0.5π]. We use the L p constraints for the safe path (6 constraints for each obstacles) with a modified version of (16) . The value p = 10 is chosen for the approximation.
The optimal control result is depicted in Fig. 7 where the two black circles represent the robot at the initial and the final position. Like Fig. 3(b) , the unit spheres of the six L p constraints are overlaid on the obstacles. Examination of the numerical output confirms that the robot trajectory does not enter the region generated by the six constraints for each obstacle.
VII. CONCLUSIONS AND FUTURE WORK

A. Conclusion
This letter introduced a new method for finding an exact and approximated constraints of the safe configuration of a robot within an optimal control formulation. The constraints are given by inequalities that get composed using logical AND operations. The work was motivated by the geometry of the unit sphere of the L p norm, and its variations using scaling factors. Given the rectangular robot, we have shown that 6 constraints are required for circular obstacles, and 8 constraints are required for rectangular obstacles to get the exact inequality constraints for the safe path. The method admits optimal control formulations that stay within a nonlinear programming framework without resorting to integer or discrete variables for the anti-collision constraints.
B. Future Work
This framework on motion planning with weighted L p constraints has several immediate extensions. For the spatial or 3D case (cuboid robot), weighted L p norms still apply. The number of constraints for sphere obstacle remains 6 for exact case, and 1 for the simple approximation. Similarly, for the cubic obstacles, vertex to face contact and face to vertex contact can be extended easily. However, modeling the edge to edge contact is still an open question.
In addition, detailed comparisons between the proposed framework and the existing mixed integer-programing approach should be done to show the difference in the scalability (computation time), and the feasibility (accuracy) of the solutions.
